BROWNIAN MOTION AND RICCI CURVATURE ON AN INFINITE DIMENSIONAL 
SYMPLECTIC GROUP RELATED TO THE DIFFEOMORPHISM GROUP OF THE CIRCLE 
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ABSTRACT. An embedding of the group Diff(S' ) of orientation preserving diffeomorphims of the unit circle 5 1 
into an infinite-dimensional symplectic group, Sp(°°), is studied. The authors prove that this embedding is not 
surjective. A Brownian motion is constructed on Sp(°°). This study is motivated by recent work of H. Airault, 
S. Fang and P. Malliavin. The Ricci curvature of the infinite-dimensional symplectic group is computed. The 
result shows that in almost all directions, the Ricci curvature is negative infinity. 



The group Diff(5 1 ) of orientation preserving diffeomorphims of the unit circle S l has been extensively 
studied for a long time. One of the goals of the research has been to construct and study the properties of 
a Brownian motion on this group. In iU H. Airault and P. Malliavin considered an embedding of Diff (S 1 ) 
into an infinite-dimensional symplectic group. 

This group, Sp(°°), can be represented as a certain infinite-dimensional matrix group. For such matrix 
groups, the method ofE [7J can be used to construct a Brownian motion living in the group. This con- 
struction relies on the fact that these groups can be embedded into a larger Hilbert space of Hilbert-Schmidt 
operators. We use the same method to construct a Brownian motion on Sp(°°). One of the advantages of 
Hilbert-Schmidt groups is that one can associate an infinite-dimensional Lie algebra to such a group, and 
this Lie algebra is a Hilbert space. This is not the case with Diff(5 1 ), as an infinite-dimensional Lie alge- 
bra associated with Diff(5' 1 ) is not a Hilbert space with respect to the inner product compatible with the 
symplectic structure on Diff^S 1 ). 

In the current paper, we describe in detail the embedding of Diff (5 1 ) into Sp(°°), and construct a Brownian 
motion on Sp(°°). We also compute the Ricci curvature of Sp(°°). Our motivation comes from an attempt to 
use this embedding to better understand Brownian motion in Diff(5 1 ) as studied by H. Airault, S. Fang and 
P. Malliavin in a number of papers (e.g. iffllllSE]]). One of the main results of the paper is Theorem 14.61 
where we describe the embedding of Diff(5 1 ) into Sp(°°) and prove that the map is not surjective. Theorem 
16. 17l gives the construction of a Brownian motion on Sp(°°). In order for this Brownian motion to live in the 
group we are forced to choose a non-Ad-invariant inner product on the Lie algebra of Sp(°°). This fact has 
a potential implication for this Brownian motion not to be quasi-invariant for the appropriate choice of the 
Cameron-Martin subgroup of Sp(°°). This is in contrast to results in [2]. The latter can be explained by the 
fact that the Brownian motion we construct in Section [6] lives in a subgroup of Sp(°°) whose Lie algebra is 
much smaller than the full Lie algebra of Sp(oo). 



Definition 2.1. Let H be the space of complex- valued C°° functions on the unit circle S with the mean value 
0. Define a bilinear form co on H by 



1. Introduction 



2. The spaces H and H, 




uv' dd 



for any u,v 



G H. 



Key words and phrases, diffeomorphism group of the circle, infinite-dimensional symplectic group, Brownian motion, Rice 
curvature. 
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Remark 2.2. By using integration by parts, we see that the form ft) is anti-symmetric, that is, (0(u,v) = 
—G)(v,u) for any u,v G H. 

Next we define an inner product (•, -) a on H which is compatible with the form ft). First, we introduce a 
complex structure on H, that is, a linear map J on H such that J 2 = —id. Then the inner product is defined 
by (u,v) m = ±(o(u,Jv), where the sign depends on the choice of /. The complex structure J in this context 
is called the Hilbert transform. 

Definition 2.3. Let Ho be the Hilbert space of complex-valued L 2 functions on S 1 with the mean value 
equipped with the inner product 

1 [ 27C 

(u,v) = — I uvdd, for any u,v G Ho. 
2n Jo 

Notation 2.4. Denote e„ = e ind ,n G Z\{0}, and 3§n = {e n , n G Z\{0}} . Let H+ and ET be the closed 
subspaces of Ho spanned by {e n : n > 0} and {e n : n < 0}, respectively. By K + and n~ we denote the 
projections of H onto subspaces H + and M~, respectively. For u G Hq, we can write u = u + + m_, where 

m + = Ti + {u) and m_ = n~{u). 

Definition 2.5. Define the Hilbert transformation J on 38 # by 

/ : e n i— )■ jsgn(n)e„ 
where sgn(n) is the sign of n, and then extended by linearity to H . 

Remark 2.6. In the above definition, J is defined on the space H . We need to address the issue whether it 
is well-defined on the subspace H. That is, if J(H ) C H. We will see that if we modify the space H a little 
bit, for example, if we let Cq(S 1 ) be the space of complex- valued C 1 functions on the circle with mean value 
zero, then J is not well-defined on Cq(S 1 ). This problem really lies in the heart of Fourier analysis. To see 
this, we need to characterize J by using the Fourier transform. 

Notation 2.7. For u G Ho, let & : u \- > u be the Fourier transformation with u(n) = (u,e n ). Let J be a 
transformation on / 2 (Z\{0}) defined by (Ju)(n) = isga(n)u(n) for any u G Z 2 (Z\{0}). 

The Fourier transformation J£~ : Ho — > Z 2 (Z\{0}) is an isomorphism of Hilbert spaces, and J = J£~ l ojo 

Proposition 2.8. The Hilbert transformation J is well— defined on H, that is J{H) C H. 

Proof. The key of the proof is the fact that functions in H can be completely characterized by their Fourier 
coefficients. To be precise, let u G Ho be continuous. Then u is C°° if and only if \im n ^ oa n k u(n) = for any 
k G N. From this fact, it follows immediately that / is well-defined on H, because / only changes the signs 
of the Fourier coefficients of a function u G H. 

For completeness of exposition, we give a proof of this fact. Though the statement is probably a standard 
fact in the Fourier analysis, we found it proven only in one direction in [1 1J. 
We first assume that u is C°°. Then u(6) = u(0) + f 9 u'{t)dt. So 

i / f2n fin \ i rln , fin s 

a{n) = 2^\L Jo ll '( t )X m dt)e-'" e dd = —j o (jf e- in9 de)u'{t)dt 

= --i- I 2 * u'(t)-u\t)e- int dt = 

2nin Jo in 

where we have used Fubini's theorem and the continuity of u'. Now, u' is itself C°°, so we can apply the 
procedure again. By induction, we get u{n) = " ffi . But from the general theory of Fourier analysis, 

«W (n) — > as n — > °°. Therefore n k u(n) — > as n — > oo. 
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Conversely, assume u is such that for any k, n k u{n) — > as n — > oo. Then the Fourier series of u converges 
uniformly. Also by assumption that u is continuous, the Fourier series converges to u for all 6 G S 1 (see 
Corollary 1.3.1 in 111]). So we can write u(6) = Ym^ou( n ) e '" 6 ■ 

Fix a point 8 G S , 

N Jnt JnB 

Lu(n)e' nt = lim lim V u(n) 



Note that the derivatives of cos nt and sin nt are all bounded by \n\. So by the mean value theorem, | cos nt — 
cosnd\ < \n\\t — 6\, and | sinnt — sin?i0| < \n\\t — 6\. So 

— <2|n|, for any t, d G 5. 

t — 

Therefore, by the growth condition on the Fourier coefficients u, we have 

Um V u(n) — 

converges at the fixed 6 £ S 1 and the convergence is uniform in t G S l . Therefore we can interchange the 
two limits, and obtain 

(£«(ny Be Y= £«(n)me !>ie , 

which means we can differentiate term by term. So the Fourier coefficients of u' are given by u'(n) = inu(n). 
Clearly, u' satisfies the same condition as u: n k u'{n) — > as n — > oo. By induction, u is j-times differentiable 
for any j. Therefore, u is C°°. □ 

Proposition 2.9. Let Cq (5 1 ) be the space of complex-valued C l functions on the circle with the mean value 
zero. Then the Hilbert transformation J is not well— defined on Cq{S { ), i.e., J(Cq(S 1 )) ^ Cq(S 1 ). 

Proof. Let C(S l ) be the space of continuous functions on the circle. In IfTTl . it is shown that there exists 
a function in C(S l ) such that the corresponding Fourier series does not converges uniformly [11, Theorem 
II. 1.3], and therefore there exists an / G C(S [ ) such that // ^ C(S l ) El Theorem II. 1.4]. Now take u = 
f — fo where /o is the mean value of /. Then u is a continuous function on the circle with the mean value 
zero, and Ju is not continuous. 

Using Notation [23] let us write u = u + + m_. Then we can use the relation 

iu + Ju = 2iu + and iu — Ju = 2/w_ . 

to see that u + and u- are not continuous. Integrating u = u + + m_, we have 

f'u(d)dd= f u+{B)dB+ f u-(d)dd. 
Jo Jo Jo 

Denote the three functions in the above equation by v,vi,V2. By theorem 1.1.6 in flTTl . 

v a a - r \ "+(") - 1 \ 1 - t \ f 

v(n) = , and vi(n) = ,V2(n) = — U- (n) for n fi o. 

in in in 

Let g = v — vo where vo is the mean value of v. Then g G Cq (S l ). Write g = g+ + g- 12.41 Then g + = 
vi — (vi)o and g_ = vi — (v2)o where (vi)o and (v2)o are the mean values of v\ and V2 respectively. Then 
g+,g- G' Cq(S 1 ) since v\ = u + ,v' 2 = m_ are not continuous. 

By the relation 

ig + Jg = 1ig+ and ig-Jg = 2ig-, 
we see that Jg^C^S 1 ). □ 

Notation 2.10. Define an R-bilinear form (-,-)w on H by 

(u,v) a = — 0)(u,Jv) for any m, v G H . 
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Proposition 2.11. (•,•)» is an inner product on H. 

Proof. We need to check that (•,•)« satisfies the following properties (1) (Aw, v) m = X(u,v) m for A G C; (2) 
(v^co = (w,v) ffl ; (3) (u,u) m > unless m = 0. 

(1) for A GC, 

(Aw,v) ffl = — o)(Aw,7v) = —A • co(u,Jv) = A • (u,v) m . 

To prove (2) and (3), we need some simple facts: H + = 7i + (H) C H and H = 7t~(H) C H, and // = 
H + @H~. If w G // + ,v G // , then (w,v) =0. If u G then u G // ,/w = /m,/m G H + . If w G // , then 
u G H + ,Ju = —iu,Ju G // . = 7m. u'{n) = inu{n). In particular, if w G // + , then w' G H + ; if w G then 
«' G H . 

(2) By definition, 

(v,u) m = —co(v,Jii) = (o(Jii,v) = — [ (JU)v'dd 

271 J 

(u,v) co = —co(u,Jv) = (o(Jv,u) = — [ Jvudd = — [ (Jv)udO. 

2% J 271 J 

Write u = u + + u_ and v = v + +v_ as in Notation [2~4l Using the above fact, we can show that the above 
two quantities are equal to each other. 

(3) Write u = u + + m_ , then 

(u,u) m = — [ (—iu^u' + +iu~u'_)dd = ^ Ml"(")| 2 - 

Therefore, (w, u) m > unless u = 0. □ 

Definition 2.12. Let M m be the completion of H under the norm || • \\ m induced by the inner product (•, -)o. 
Define 

e„ = -U ! ' M V > ol U \ e» = —^=e in9 ,n < 1 . 



Remark 2.13. M m is a Hilbert space. Also the norm || • || ffl induced by the inner product (v)to i s strictly 
stronger than the norm || • || induced by the inner product (•,•). So M m can be identified as a proper subspace 
of Ho- The inner product (•, -) a or the norm induced by it is sometimes called the H 1 / 2 metric or the H 1 ! 1 
norm on the space H. 

One can verify that SS a is an orthonormal basis of M a . From the definition of the inner product (•, ^co, 
we have the relation co(u,v) = {u,Jv) a for any u,v £ //. This can be used to extend the form CO to Hcj. 

Finally, from the non-degeneracy of the inner product (y) ffl ,we see that the form &)(•,•) on Ho is also 
non-degenerate. 

3. An infinite-dimensional symplectic group 

Definition 3.1. Let B(M. m ) be the space of bounded operators on Ho equipped with the operator norm. 
For an operator A G B(M a ) 

(1) suppose A is an operator on H w satisfying Au = Au for any u G H ffl , then A is the conjugate of A; 

(2) suppose A^ is an operator on H ffl satisfying {Au,v) a = (u,A^v) m for any u,v G H ffl , then A^ is the 
adjoint of A; 

(3) then A T = A* is the transpose of A; 

(4) suppose A* is an operator on H ffl satisfying oo(Au, v) = co(u,A # v) for any u,v G H ffl , then A # is the 
symplectic adjoint of A. 

(5) A is said to preserve the form CO if co(Au,Av) = co(u,v) for any u,v G H ffl . 

In the orthonormal basis an operator A G B(H ffl ) can be represented by an infinite-dimensional 
matrix, still denoted by A, with (m,«)th entry equal to A m n = (Ae n ,e m ) a . 
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Remark 3.2. If we represent an operator A G B(IH ffl ) by a matrix {A m n } m , ne z\{o}, the indices m and n are 
allowed to be both positive and negative following Definition l2.12l of 88 m . 

The next proposition collects some simple facts about operations on B(M m ) introduced in Definition l3.ll 

Proposition 3.3. LetA,B G B(M m ). Then 

(1) e n = ie- n , Je n = isgn(n)e n , (e»)' = ine n ; 

(2) (A) mf! — A_ m — n , 

(3) (A — ^n,m> 

(4) A 1 " = At, and (A T )„ hn = A_„_ m ; 

(5) jfA = A, f/jerc (A # ) nii „ = sgn(mn)A n ^ m ; 

(6) AS = AS, (AS) 1 " = SU 1 , (AB) T = B T A T , (AB) # = B # A # ; 

(7) IfAisinvertible, thenA,A T ,A J( ,A # areallinvertible, and (A) -1 = A~ l , (A 7 ) -1 = (A -1 ) 7 , (A 1 ) -1 = 
(A- 1 )^ (A*)- 1 = (A- 1 ) # ; _ _ 

(8) (7r + )„,,„ = 2(5 m „ + ^«(m)5 m „), (%~) mfl = ^(cW - sgn(m)8 mn ), 71+ = 7T~, 7T" = 7T+, (k + ) t = K~, 
(k~) t = n + , (tc + Y = k + , {n~y = 7i~; 

(9) J m ,n = isgn{m)8 mn , J = J, J = i(7l + — J T = —J, = —J, J 2 = —id; 
(10) (A # ) m ,„ = sgn{mn)A- n - m . 

Proof. All of these properties can be checked by straight forward calculations. We only prove (10). 

(A # ) m ,„ = (A # e n ,e m ) a = -co(A # e n ,Je^) = co(JS^,A # e n ) 
= C0(AJe m ,e n ) = -C0(e n ,AJe m ) = -(o(e n ,J(-J)AJe m ) 
= -co(e n ,J(-JAJe m )), 

where in the last equality we used property (6), AB = AB, and property (9), J = J, so that —JAJe m = 
—lAJe m = —JAJe m . Therefore, 

(A # )m,n = -co(e n ,J(-JAJe m )) = (e n ,-JAJe m ) m = -(e n ,JAJe m ) w 
= -(re n ,AJe m ) m = -(-Je n ,AJe m ) a = (isga(n)e n ,Aisgn(m)e m ) m 

= sgn(mn)(e n ,Ae m ) a = sga(mn)(Ae m ,e n ) a = sgn(mn)(A)„ im 
= sgn(mn)A_ n _ m . 

□ 

Notation 3.4. For A G B(M W ), let a = k + Ak + , b = k + Ak~, c = k~Ak + , and d = k~Ak~ , where a : EI+ — >■ 
H+, b : H~ — >• H+, c : H+ -)■ M~ , <i : -4 . Then A = a + & + c + d can be represented as the following 
block matrix 




If A,B G ^(IHIo), then the block matrix representation for AB is exactly the multiplication of block matri- 
ces for A and B. 

Proposition 3.5. Suppose A G ^(IHIq,) with the matrix {A m jW } m jne z\{o}- the following are equivalent 

(1) A=A; _ 

(2) ifu = u, then Au = Au; 

(3) A m n = A_ m _„ 0.21); 

(4) as a block matrix, A has the form 
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Proof. Equivalence of (1), (3) and (4) follows from Propositior Q . 3 1 and Notatior l3~4l First we show that (1) 
is equivalent to (2). 

[(1)=K2)]. If u = u, then Au=Au=Au= Au. 

[(2)=K1)]. Let u = e n + e n , and v = e_„ + <?_„. Then u,v are real-valued functions on the circle. Using 
Proposition 13.31 we have e n = ie~- n , and therefore Au = Au and Av = Av imply 



Ae n + iAe- n = Ae n — iAe~- 



Ae„ — iAg- n = —Ae n — iAe~- 
Solving the above two equations for Ae n , we have 



Ae n = -iAe- n = Ae n = Ae n 
with this being true for any n / 0, and so A = A. □ 

Proposition 3.6. Let A G B(M m ). The following are equivalent: 

(1) A preserves the form ft); 

(2) co(Au,Av) = ft)(w,v) for any u,v £ H^; 

(3) (o(Ae m ,Ae n ) = (o(e m ,e n ) for any m,n ^ 0; 

(4) A T JA = J; 

(5) Lk^oSgn(mk)A k}tn A- k - n = 5 m , n for any m,n^0. 

If we further assume that A =A, then the following two are equivalent to the above: 
(I) a T a — b^b = %~ and a T b — b^a = 0; 
(H) Lk^sgn{mk)A kim A k ^ n = 8 m ^for any m,n^0. 

Proof. Equivalence of (1),(2) and (3) follows directly from Definition l3.ll Let us check the equivalency of 
(2) and (4). First assume that (2) holds. By Remark |2.13| we have co(u,v) = (u,Jv) m , and therefore 



co(Au,Av) = (Au,JAv)a) = (u,A^JAv) 



CO ■ 



By assumption, co(Au,Av) = co(u,v) for any u,v G Ho. So by the non-degeneracy of the inner product 
(-, -)o)> we nave A^JAv = Jv for any v G Ho. By definition of A, we have Av = Av. So A^JAv = Jv for any 
v G H m , or A^JA = J. Taking conjugation of both sides and using J = J, we see that A T JA = J. 

Every step above is reversible, therefore we have implication in the other direction as well. 

Now we check the equivalency of (3) and (5). First, by Remark l2.13l ft)(M. v) = {u,Jv) a and Proposition 



(o(e m ,e„) = (e m ,Je n ) a = -sgn(m)<5 m _„. 
On the other hand, by the continuity of the form ft)(-, •) in both variables, we have 

C0(Ae,„,Ae n ) = (0[YA k ,m@k; 

K k k J 

= Y, A k,mAi, n (.-sgn(k))8 k -i = -^sgn(^:)A yt;m A_ )t! „. 

k,i k 

Now assuming co(Ae m ,Ae n ) = co(e m ,e n ), we have 

-^sgn^A^A-^,, = -sgn(m)5 m ,_„, for any m,n ^ 0. 

k 

By multiplying by sgn(m) both sides, and replacing — n with n, we get (5). Conversely, note that every step 
above is reversible, therefore we have implication in the other direction. 

We have proved equivalence of (l)-(5). Now assume A = A. To prove equivalence of (4) and (I), just 
notice that as block matrices, A,A T and J have the form 

a b\ ( a 1 " b T \ , . ( 71+ 
b s)> [tf a? J' and V -K 

Equivalence of (5) and (II) follows from the relation A- k „ = A kM . □ 
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Proposition 3.7. Let A G B(M m ). If A preserves the form CO, then the following are equivalent: 

(1) A is invertible. 

(2) AJA T = J. 

(3) A T preserves the form CO. 

(4) Lk s 8 n { mk ) A m,k A -n.-k = 8 m ,nfor any m,n^0. 

If we further assume that A = A, then the following are equivalent to the above: 
(I) aa T — bb T = n~ and ba* — ab^ = 0. 

(H) Lk s 8n(mk)A m:k A )hk = 8 m%n for any m,n^0. 

Proof. We will use several times the fact that if A preserves ft), then A T JA = J. 

[(1)=K2)] Multiplying on the left by (A 7 ) -1 and multiplying on the right by A -1 both sides, we get 
/ = (A T )~ 1 JA~ l , and so (A~ l ) T JA~ Y = J. Taking inverse of both sides, and using J~ l = —J, we have 
A T JA = J. 

[(2)=^>(1)] As J is injective, so is A r 7A, and therefore A is injective. On the other hand, by assumption 
AJA T =J. As / is surjective, so AJA T is surjective too. This implies that A is surjective, and therefore A is 
invertible. 

Equivalence of (2) and (3) follows from (A T ) T =A and Proposition 13.61 Equivalence of (3) and (4) 
follows directly from Proposition I3.6l and the fact that {A T ) m n = A_„ _,„. 

Now assume that A = A. Then equivalence of (3) and (I)can be checked by using multiplication of block 
matrices as in the proof of Proposition 13.61 Finally (4) is equivalent to (II) as if A = A, then A_ OT _ n = 

A mn . n 

Corollary 3.8. Let A £ B(M m ) and A = A. Then the following are equivalent: 

(I) A preserves the form CO and is invertible; 
(2) A # A =A # A = id; 

Proof. By Proposition [33] 

(A # A)„ V1 = £ (A # ) m . k A k . n = £ sgn(m^)A^„A7^, 

k^o k^o 

(AA*) m>n = £ A„a(A # ) ki „ = ^ sgn{nk)A n%k A^ k . 

k^Q k^Q 

Therefore, by (II) in Proposition 13.61 and (II) in Proposition 13 .7 1 we have equivalence. □ 

Definition 3.9. Define a (semi)norm || • || 2 on B(M m ) such that for A G B(M W ), \\A\\l = Tr^b) = \\b\\ HS , 
where b = n + A7i~ . That is, the norm ||A||2 is just the Hilbert-Schmidt norm of the block b. 

Definition 3.10. An infinite-dimensional symplectic group Sp(°°) is the set of bounded operators A on H 
such that 

(1) A is invertible; 

(2) A = A; 

(3) A preserves the form ft); 

(4) ||A|| 2 <oo 

Remark 3.11. If A is a bounded operator on H, then A can be extended to a bounded operator on M m . 
Therefore, we can equivalently define Sp(°°) to be the set of operators A G B(M m ) such that 

(1) A is invertible; 

(2) A = A; 

(3) A preserves the form ft); 

(4) ||A|| 2 <oo 

(5) A is invariant on H, i.e., A{H) C H. 

Remark 3.12. By Corollary 13. 81 the definition of Sp(°°) is also equivalent to 



■s 
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(1) A =A; 

(2) A* A =AA # = id; 

(3) ||A|| 2 <oo. 

Proposition 3.13. Sp(°°) is a group. 

Proof. First we show that if A G Sp(°°), then A -1 G Sp(°°). By the assumption on A, it is easy to verify that 
A -1 satisfies (1), (2), (3) and (5) in Remark l3.il! We need to show that A -1 satisfies the condition (4), i.e. 
||A _1 ||2 < °°- Suppose 

a b \ , . _ i f d b' \ 
and A =[ W 

where by our assumptions all blocks are bounded operators, and in addition b is a Hilbert-Schmidt operator. 
We want to prove b' is also a Hilbert-Schmidt operator. AA~ ! = / and A _1 A = / imply that 

ab' = —ba', da + b'b = I. 

The last equation gives a'ab' + b'bb' = b', and so 

b' = dab' + b'bb' = —dbd + b'bb' 
which is a Hilbert-Schmidt operator as b and b are Hilbert-Schmidt. Therefore ||A _1 ||2 < °° and A -1 G 

Sp(oo). 

Next we show that if A,B G Sp(°°), then AB G Sp(°°). By the assumption on A and B, it is easy to verify 
that AB satisfies (1), (2), (3) and (5) in Remark l3.HI We need to show that AB satisfies the condition (4), 
i.e. ||AB||2 < °°. Suppose 

A=[f b ) and B=( c , i 
a \ a c 



where all blocks are bounded, and \\d\\ns < °°- Then 

AB = 

Then 



ac + bd ad + be 
be + ad bd + ac 



\\AB\\\ = \\ad + bc\\ H s ^ IMIb + < °°, 

since both ad and be are Hilbert-Schmidt operators. Therefore ||Afi||2 < 00 and AB G Sp(<»). □ 

4. Symplectic Representation of Diff(5' 1 ) 

Definition 4.1. Let Diff (S 1 ) be the group of orientation preserving C°° diffeomorphisms of S . Diff(5 1 ) acts 
on H as follows 

1 f l7L 

= »(r\o)) - ^ I u{r\e))de. 

Note that if u G H is real- valued, then (j>.u is real- valued as well. 
Proposition 4.2. The action ofDiff(S Y ) on H gives a group homomorphism 

<J> : DiffiS 1 ) —7-AutH 

defined by <t>((j))(u) = §.u,for (j) G Diff(S i ) and u G H, where AutH is the group of automorphisms on H. 

Proof. Let «£//, then (j>.u is a C°° function with the mean value 0, and so (j>.u G H. It is also clear that 
0.(m + v) = (j>.u + (j).v and (j>.(Xu) = Xtp.u. So <I> is well-defined as a map from Diff^ 1 ) to End//, the space 
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of endomorphisms on H. Now let us check that <J> is a group homomorphism. Suppose 0, ¥ e Diff(5 ! ) and 
u *E H, then 

1 

<t>(<l>Y)(u)(e)=u[(<i>xir)- 1 (e))- — j o u{{^)-\e))dd 

1 r 2jr 

= M (( V A->- i )(0))--y o ^(vrvxe))^. 

On the other hand, 

i 

*(0)0(y)(«)(0)=*(0) 



1 f 2K 

<;>(<!>) [u( ¥ -\d))] =u{( ¥ - l r l )(e))- — J Q u{( ¥ - l r l )(e))de. 



So ^(^ ¥ ) = <t>((j))<t>( ¥ ). m particular, the image of <J> is in the Aut#. □ 

Lemma 4.3. Any <p £ Diff(S 1 ) preserves the form CO, that is, co((f).u,<p.v) = co(u,v) for any u,v € //. 

Proof. By Definition 14.11 <ft.M = w(y/") — «o, <P-v = v{ ¥ ) — vo, where l/f = and uq, vq are the constants. 
Then 

co(>.m ! <M = w(m(va)-m ,v(^)-vo) 
1 /' 2jr 



1 / Z7r 

— y o (H(v(0))-Ho)(v(y(0))-Vo)d0 

I [lit \ rln 

— j o u( ¥ )v , ( ¥ ) ¥ , (d)de-—j Q U v( ¥ (d))dd 

1 f 27t 

2k Jo m (vO v OMV 
co(u,v). 



□ 



We are going to prove that a diffeomorphism G Diff(5' 1 ) acts on H as a bounded linear map, and that 
<&(0) is in Sp(o°). The next lemma is a generalization of a proposition in a paper of G. Segal lfT2l . 

Lemma 4.4. Let ¥ ^ id € Diff{S l ) and § = ¥ ~ l . Let 

r 2% 



1 r 2 ^ 

/„ m = ( ¥ .e ime ,e in9 ) = — / e im *- in6 dd. 
2n Jo 



Then 

(1) J! Ml4,m| 2 < °°. awrf hll 7 ",™! 2 < °°- 

n>0,m<0 m>0,n<0 

(2) For sufficiently large \m\ there is a constant C independent ofm such that 

Y,\n\\I n ,m\ 2 <C\m\. (4.1) 

n+0 

Proof. Let 

my =min{0'(0)|0 eS 1 }; and M^/ = max{0'(0)|{? 6 S 1 }. 

Since is a diffeomorphism, we have < my < My < oo. 

Take four points a,b,c,d on the unit circle such that a corresponds to my in the sense tan(a) = my, b 
corresponds to My in the sense tan(/3) = My, c is opposite to a, i.e., c = a + %, d is opposite to b, i.e., 
d = b + 7i. The four points on the circle are arranged in the counter-clockwise order, and < a < b < f , 
7T < c < <f < §7T. 
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Let T G S l such that x / f , |ft. Define a function T on S 1 by 

cost - 0(0) — sinr- 



MO) 



cos T — sin x 



We will show that if X G (&,c) or T G (d,a), then T is an orientation preserving diffeomorphism of 5 1 , 
where (b,c) is the open arc from the point b to the point c, and (d,a) is the open arc from the point d to the 
point a. 

Clearly T is a C°° function on S 1 . Also, T (O) = and T (2ft) = 2ft. Taking derivative with respect to 0, 
we have 

= cost- f (0)- sin x 
T cos T — sin x 

By the choice of x, we can prove that (f>' T (d) > 0. Therefore, is an orientation preserving diffeomorphism 
as claimed. 

Let m,n G Z\{0}. Let T mn = Arg(m + in), i.e., the argument of the complex number m + in, considered 
to be in [0,2ft]. Then we have m<j) — nd = (m — n)§ Xmn . 

If x mn G (b,c), then Tmn is a diffeomorphism. Let i//^ = Then 

1 r 271 - 1 r 2TC 

' 2ft io 2ft io Tm " 

where the last equality is by change of variable. On integration by parts k times, we have 

k 



Let a = [(XQ,a{\ be a closed arc contained in the arc (b,c). Let 5 a be the set of all pairs of nonzero 
integers (m,n) such that Oq < x mn < a\, where x mn = Aig(m + in). We are going to consider an upper bound 
of the sum Y,(m,n)eS a Ml 

For the pair (m,n), if \m — n\ = p, the condition Oo < T mn < CCi gives us both an upper bound and a lower 
bound for n: 



-p <n< — -p. 



my - 1 ~~ ~ My - 1 

So |n| < C\p where C\ is a constant which does not depend on the pair (m,n). Also, the number of pairs 
(m, n) G S a such that \m — n\ = p is bounded by C^p for some constant Ci. Let C3 = max 1 1 yf +l \8)\ : 6 G 

S\x G [0£o,ai]|. Then 

\I n , m \<C 3 - — / e i ^ e dO=C 3 p- k . 

i(m — n) 2ft Jo 

Therefore, 

y" 1 , M|-^n,m| = ^ ^ | w ||-^rc,m| 

(m,n)eS P (m,n)€S a ;\m—n\=p 

<^c lP .cb- 2k -c 2P =c a j:p-^- 2 \ 

p p 

where the constant C a depends on the arc a. 

Similarly, for a closed arc j3 = [j3o,j3i] contained in the arc (d,a), we have 

I \n\\I n , m \ 2 <C^p-^- 2 \ 

(m,n)eSa P 

where the constant Cp depends on the arc j3 . 
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Now let a = [5 ,7r], and j3 = [|7F,27r]. Then a is contained in (b,c) and j8 is contained in (J, a). We have 

I |«||/, 1 , m | 2 = C ce -£ 7 ,-^- 2 )<oo 

n>0,m<0 p 

and 

«<0,m>0 p 

which proves (1) of the lemma. 

To prove (2), we let a = [ao,ai] be a closed arc contained in the arc (b,c) such that b < Oq < j and 
71 < a\ < c, and /j = [j3o, j3i] be a closed arc contained in the arc (d, a) such that d < j3o < \% and < j8i < a. 
Then we have 

y -1 , |^||-^n,m| "I - ^2 |l||^«,m| ^ Caj3 

(m,n)eS a (m,n)£Sp 

for some constant C a £ . 

Let ra > be sufficiently large, and N m be the largest integer less than or equal to mtan(cZo), 

V \i l 2 <Tl/ I 2 

/ , \ t n,m\ ^ \ l n,m\ • 

0<n<:N m n^O 

Note that l n m is the «th Fourier coefficient of \j/.e m9 . Therefore, 

LI j 1 2 II ... Jmd || 
Vn,m\ —\W- e \\L 2 

which is bounded by a constant K. Therefore, 

52 Ml4,m| 2 ^ Kmtan(ao) . 

0<n^N,„ 

On the other hand, 

|l||^n,m| ^2 M|-^n,m| ^ ^2 |^||^n,m| "i" ^2 |^||^/!,m| = C a p. 
n<0 n>N„, (m,n)eS a (m,n)eSp 

Therefore, 

52 Ml4,m| 2 ^ C a p + Kmtan(oCo) ^ mC + , 

where C + can be chosen to be, for example, ^tan(ao) + C a p, which is independent of m. 
Similarly, for m < with sufficiently large \m\ 

52 Ml4,m| 2 ^ mC-. 

Let C = max{C + ,C_}. Then we have, for sufficiently large \m\, 

52 l"H4,m| 2 < \m\C, 

which proves (2) of the lemma. □ 
Lemma 4.5. For any \y £ Diff(S i ), ^(y) 6 B(H), the space of bounded linear maps on H. Moreover, 

||0f»Kc, ||0(v)|| 2 <c, 

where C is the constant in Equation 14.71 
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Proof. First observe that the operator norm of <&(tyf) is 

||<J>(y)|| =sup{||y/-.M||(o | ueH,\\u\\ w = l}. 

For any u <E H, let w be its Fourier coefficients, that is u(n) = (u,e n ), and let u be defined by u = (u,e n ) m 
(12. 1012. 12b - It can be verified that the relation between u and w is: if n > 0, then = ^fnu(n); if « < 0, 
then u(n) = i\/\n~\u(n). We have 



[u,u) 



(u,u)p = 52 \u(n)\ 2 = 52 |w||w(n) 



Let (j) = \ff l - We have u((j)) = Lm^o"( m ) eim ^- Using the notation l n m (14.41) . we have 



52 l«ll^"(«)l 2 = 52 M 



1 



In 



1 

27T 



27T 2 



1 

V H V i2(m)— / e im *- in6 dd 



|2 

i.m | j 



= 12 l"l 12 "( m ) 7 ",' 

^ 52 |?i||i5(m)| 2 |4, m | 2 = ^ |«(m)| 2 ^ |«||/„, m | 2 

= 52 |«("l)| 2 51 l«H4,m| 2 + l"( m )! 2 12 l"H 7 ".' 

m|^Mo m|>Mo h^O 

where the constant Mo in the last equality is a positive integer large enough so that we can apply part (2) 
of Lemma 14.41 It is easy to see that the first term in the last equality is finite. For the second term we use 
Lemma |4~41 

52 |"( m )| 2 52 Ml 7 «,m| 2 ^ C J2 l"( m )| 2 | m l ^ c. 

\m\>Mo n^O \m\>Mo 

Thus for any u <E H with \\u\\ m = 1, ||i/A.w|| ffl is uniformly bounded. Therefore, <&(y) is a bounded operator 
on H. 

Now we can use Lemma l4~4l again to estimate the norm ||<J>(y/)|| 2 



\Mv)h= 52 Kvw/OcdI 2 = 52 MKvw/OI 2 

n>0,m<0 «>0,m<0 

= 52 hll 7 ",™! 2 < °°- 

«>0,m<0 

□ 

Theorem 4.6. <1> : Dijf(S l ) — > Sp(°°) is a group homomorphism. Moreover, <I> is injective, but not surjective. 

Proof. Combining Lemma 1431 and Lemma 1431 we see that for any diffeomorphism y G Diff(5 1 ) the map 
<t>(y) is an invertible bounded operator on H, it preserves the form ft), and [| $(v) ||a < °°- In addition, by our 
remark after Definition 14.1 1 y.u is real- valued, if u is real- valued. Therefore, <I> maps Diff^ 1 ) into Sp(oo). 
Next, we first prove that <1> is injective. Let iffy, \y 2 € Diff (S l ), and denote 0! = Yi\^2 = • Suppose 
= ^(V^). i-e. Wi-u = \j/2-u, for any u £ H. In particular, yi.e' 6 = \j/2.e lB '. Therefore 

where Ci = ^ J^e^dG, and C 2 = 5^ J^e^dd. Note that and <?'' 02 have the same image as maps 
from S 1 to C. This implies C\ = C 2 , since otherwise e"^ [ = e'^ 2 + {C\ — C 2 ) and e 1 ^ and e lifl would have had 
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different images. Therefore, we have e"^ [ = e 1 ^ 2 . But the function e ix : S l — > S l is an injective function, so 
01 = 02- Therefore Yi = V / 2> an d so ® is injective. 

To prove that <J> is not surjective, we will construct an operator A G Sp(°°) which can not be written as 
f° r an y ¥ e Diff(5 J ). Let the linear map A be defined by the corresponding matrix {A wn } m nS z with 
the entries 

Ai,i =A_i_i = V2 
Ai_! = i,A_i )1 = -z 
A m , m = l, form^il 

with all other entries being 0. 

First we show that A G Sp(°°). For any u G //, we can write w = L„^o Then A acting on w changes 

only £i and e_i . Therefore, Au G //, and clearly A is a well-defined bounded linear map on H to H. 



Moreover, ||A||2 < °°. It is clear that A m .„ = A_ m ._„, and therefore A = A by Proposition 13.31 Moreover, A 
preserves the form CO by part(II) of Proposition 13.61 as 



£ sgn(m/c) A^A^ = 5 mj „. 
Finally, A is invertible, since {A* «}„, ne z is, with the inverse {B^mjm^eZ given by 

#1,-1 = — f>5-i,i = z 
B m , m = l, form^rbl 

with all other entries being 0. Next we show that A 7^ ^(y) f° r anv V S Diff(5 1 ). First observe that if we 
look at any basis element e\ = e' 6 as a function from S l to C, then the image of this function lies on the 
unit circle. Clearly, when acted by a diffeomorphism (j) G Diff(S 1 ), the image of the function (j).e ld is still a 
circle with radius 1. But if we consider Ae\ as a function from S l to C, we will show that the image of the 
function Ae\ : S l — > C is not a circle. Therefore, A 7^ 3>(v) for any i/a G Diff (S 1 ). Indeed, by definition of A 
we have 

Ae\ = — ie_ j . 

Let us write it as a function on S l 

Ae x {e) = V2e W -e- ie = (V2- l)cos + z'(V2+ 1) sing, 

and then we see that the image lies on an ellipse, which is not the unit circle 

2 2 
X +^ = 1. 



(V2-1) 2 

□ 

5. The Lie algebra associated with Diff(5' 1 ) 

Let diff (S l ) be the space of smooth vector fields on S l . Elements in diff (S l ) can be identified with smooth 
functions on S . The space diff(S 1 ) is a Lie algebra with the following Lie bracket 

[X,Y] =XY'-X'Y, X,Y Gdiff^ 1 ), 

where X' and Y' are derivatives with respect to 6. 

LetX G diff(»S 1 ), and p t be the corresponding flow of diffeomorphisms. We define an action of diff(5 ! ) 
on H as follows: for X G diff (5 1 ) and u G H, X.u is a function on S 1 defined by 

d 



[(P..«)(8)], 

t=0 



where p t acts on u via the representation <1> : Diff (S ) — > Sp( 
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The next proposition shows that the action is well-defined, and also gives an explicit formula of X.u. 
Proposition 5.1. LetX £ diff(S 1 ). Then 

1 



(X.u)(6) = u'(d)(-X(d)) 



2k 



2k 



u'(6)(-X(6))dO, 



that is, X.u is the function —u'X with the Oth Fourier coefficient replaced by 0. 

Proof. Let p t be the flow that corresponds to X, and A, be the flow that corresponds to —X. Then A f is the 
inverse of p t for all t. 



(x, m = - 

Using the chain rule, we have 



[(ft.«)(0)] = Jt 



and 



d 
It 





d 




dt 






2k 


/o 



1 r 2 * 
2k Jo 

u(X t (d))=u'(d)(-X(d)), 



t=0 



r 2n 



□ 



Notation 5.2. We consider diff (5 1 ) as a subspace of the space of real-valued L? functions on S l . The space 
of real-valued L 2 functions on S 1 has an orthonormal basis 

m = {X x = cos(m6),Y k = sm(kO),l = 0,l,...,k = 1,2,...} 

which is contained in diff(»S 1 ). 

Let us consider how these basis elements act on H. 

Proposition 5.3. For any I = 0, 1, ...,k = 1,2, ... the basis elements Xi,Yk act on H as linear maps. In the 
basis £$ m ofH, they are represented by infinite dimensional matrices with (m,n)th entries equal to 



(Xi) nhn = (Xj.e n ,e„ 



1 



s(m,n)- yj\mn\{8m- n j + &n—m,l ) 



(Ykjmjr = (Y k .e n ,e m ) w = s(m,n)(-i)-y/\mn\ (8 m - njk - S n - nijk ) 



where m,n^0, 



s(m,n) 



—i m,n>0 

1 m > 0,«< 

1 m < 0,« > 

i m,n<0. 



Proof. By Proposition 15.11 and a simple verification depending on the signs of m,n we see that 



Xi.e 



Y k .e" 



ind 



-ine ine cos (70) =—^i 
-ine ine sin(&0) = -\n 



,i(n+l)6 _|_ e i{n-l) 



e i(n+k)9 _ e i(n-k)8 



Indeed, recall that a basis element e n G has the form 



-^e ind n>0 
nd n<0. 



Suppose m,n>0 



X t .e n 



Xi.e 



inB 



-Wn 



,i(n+l)6 + e i(n-l) 
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and 

(e iin+l)e ,e m ) a = V^$ m -n,k; {e i[n - l)e ,e m ) w = V^$n- m j. 

Therefore, 

(Xl)m,n = (Xi.e n ,e m ) m = (-i)-y/\mn\(S m -„j + <5„-m,/)- 
All other cases can be verified similarly. □ 

Remark 5.4. Recall that M m is the completion of H under the metric (•,•)<»■ The above calculation shows 
that the trigonometric basis X^Y^ of diff(5 1 ) act on Mg, as unbounded operators. They are densely defined 
on the subspace ffCH ffl , 

6. BROWNIAN MOTION ON Sp(oo) 

Notation 6.1. As in [H, let sp (°°) be the set of infinite-dimensional matrices A which can be written as 
block matrices of the form 

a b 



> a 

such that a + a* = 0, b = b T , and b is a Hilbert-Schmidt operator. 

Remark 6.2. The set sp (°°) has a structure of Lie algebra with the operator commutator as a Lie bracket, 
and we associate this Lie algebra with the group Sp(°°). 

Proposition 6.3. Let {A mt „} mne x\io} be tne matrix corresponding to an operator A. Then any A € sp (°°) 



satisfies (l)A,^ n = A_ m _„; (2) A mA +A^ m = 0,for m,n > 0; (3) A m ,„ = A_ n _ m , for m > 0,n < 0. 
Moreover, A G sp (°°) if and only if '(1) A = A; (2) 7l + An~ is Hilbert-Schmidt; (3) A + A # = 0. 

Proof. The first part follows directly from definition of sp (°°). Then we can use this fact and the formula 
for the matrix entries of A # in Proposition l3.3l to prove the second part. □ 

Definition 6.4. Let HS be the space of Hilbert-Schmidt matrices viewed as a real vector space, and sp HS = 
sp (°°)DHS. 

The space HS as a real Hilbert space has an orthonormal basis 

&HS = {ef n e n : m, n ± 0} U {e'Z : m, n ^ 0} , 

where e R f n is a matrix with (m,«)-th entry 1 all other entries 0, and e l ™ n is a matrix with (m,«)th entry i all 
other entries 0. 

The space sp HS is a closed subspace of HS, and therefore a real Hilbert space. According to the symmetry 
of the matrices in sp HS , we define a projection n : HS — > sp HS , such that 

xA) = \ Kn ~ <%, + e- m ,-n ~ . if sgn(m«) > 

*(e'Z) = \ (e'Z + e'Z - e'_\_ n - e'^_ m ) , if sgn(m«) > 

x(e R Z) = \ {efZ + e\_ m + e R ^_ n + e R n %) , if sgn(m«) < 

*A) = \ [e'Z + e h \- m ~ e lm m .-n ~ e'Zr) , if sgn(m«) < 

Notation 6.5. We choose ^ spHS = Tt{SBns) to De th e orthonormal basis of sp HS . 
Clearly, if A G sp HS , then |A| SPhs = \A\ HS . 

Definition 6.6. Let W t be a Brownian motion on sp HS which has the mean zero and covariance Q, where Q 
is assumed to be a positive symmetric trace class operator on H. We further assume that Q is diagonal in the 
basis ^s Phs - 
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Remark 6.7. Q can also be viewed as a positive function on the set 3§ s p HS , and the Brownian motion W t can 
be written as 

w t = £ VW)bH, (6-1) 

where {Bj ~}^ e gg are standard real-valued mutually independent Brownian motions. 

Our goal now is to construct a Brownian motion on the group Sp(°°) using the Brownian motion W t on 
sp HS . This is done by solving the Stratonovich stochastic differential equation 

8X t =X t 8W t . (6.2) 

This equation can be written as the following Ito stochastic differential equation 

dX, = X t dW t + -X t Ddt , (6.3) 
where D = Diag(D m ) is a diagonal matrix with entries 

D m = -isgn(m)£sgn(£) [Q R m e k + Q'2] (6-4) 
^ k 

with Q% = Q(n(e%)) and Q 1 ™ = Q(n(e^ k )). 

Notation 6.8. Denote by sp£j s = 2^ 2 (sp HS ) which is a subspace of sp HS . Define an inner product on sp^ s 
by (u,v) q = (£T 1/2 w,£T 1/2 v)sp hs- Then =^ Q = {I = 2 1/2 ^ : £ G ^sp H s} is an orthonormal basis of 
the Hilbert space sp^ s . 

Notation 6.9. Let L° be the space of Hilbert-Schmidt operators from sp^ s to sp HS with the norm 

l*6s= I l*iSta= L e(^)K^,C) S p HS l 2 = Tr[<i>e<J>i, 

op HS 

where <2(£) means 2 evaluated at E, as a positive function on 3§ s p m - 

Lemma 6.10. If^i 1 G L(sp HS ,sp ws ), a bounded linear operator from sp HS to sp HS , then restricted on sp® s 
is a Hilbert-Schmidt operator from sp% to sp HS , and \ x ¥\ L o ^ rr(2)||*P|| 2 , where ||\P|| w ?/ze operator norm 
"PV. 



Proof. 



m%= I NS^iW I Hi 2 



Q It ^ Q 

0|5 HS S "HS 

= |MI 2 £ (e^^i^^^i^ip £ 085,5)^ = ||T[| 2 Tr08) 

□ 

Notation 6.11. Define B : sp HS -> L° by £(F)A = (/ + F)A for A G sp^ s , and F : sp HS -)■ sp HS by F(7) = 
l(I+Y)D. 

Note that 5 is well-defined by Lemma [6. 101 Also D G sp HS , and so F(7) G sp HS and F is well-defined 
as well. 

Theorem 6.12. The stochastic differential equation 

dY t =B(Y t )dW t + F(Y t )dt (6.5) 
Y = 
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has a unique solution, up to equivalence, among the processes satisfying 

"(jTbi^* <-)='■ 

Proof. To prove this theorem we will use Theorem 7.4 from the book by G. DaPrato and J. Zabczyk as 
it has been done in (6l 13. It is enough to check 

1. B is a measurable mapping. 

2. \B(Yi) -B(Y 2 )\ L o < C\\Y\ -Y 2 \ spm for F b F 2 e sp HS ; 

3. |fl(F)£o < *i(l + |F| s 2 Phs ) for any Y € sp HS ; 

4. F is a measurable mapping. 

5. TOJ-FCFa)!^, < C 2 |Fi -F 2 | SPHS for Y h Y 2 G sp HS ; 
6- l^(ni s 2 PHS < ^2(1 + |F| S 2 PHS ) for any Y £ sp HS . 

Proof of 1 . By the proof of 2, 5 is a continuous mapping, therefore it is measurable. 
Proof of 2. 



|b(fo -n(r 2 )go= £ K^i -i2)li2 PHS = I G(§)i(yi-y 2 )5 

Sea q £e^ 5p 

sp HS 



|2 



^ £ GC^IKfiri-^IJ^ max ||^|| 2 [ £ G(5))|yi-y 2 ' 2 



sPhs 



where is the operator norm of which is uniformly bounded for all £ 6 =^sp HS - 
Proof of 3. 

W)Il° = I l(/+r)4Sta= I G(<|)|(/+r)€l2 PHS 

|&3 Q ^ e ^p H s 

op HS 

1 6^sp HS 

Proof of 4. By the proof of 5, F is a continuous mapping, therefore it is measurable. 
Proof of 5. 

|F(Fi) -F(F 2 )| SPHS = |i(F! -F 2 )Z?| SPHS < ||~D|||Fi -F 2 | SPhs 

Proof of 6. 

l^)lsp HS = I^ + ^XhS ^ H^fl^ + ^laPHS ^^(l + |F| 2 pHs ; 



□ 



Notation 6.13. Let fi # : sp HS -> be the operator B # (F)A = A # (/ + F), and F # : sp HS -> 5p HS be the operator 
F # (Y) = \D*(Y + I). 

Proposition 6.14. IfY t is the solution to the stochastic differential equation 

dX t = B(X t )dW t +F(X t )dt 
Xq = 0, 

where B and F are defined in Notation \6.11\ then F* is the solution to the stochastic differential equation 

dX t = B*{X t )dW t + F*{X t )dt (6.6) 
X = 0, 
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where B # and F # are defined in Notation \6.13\ 

Proof. This follows directly from the property (AB) # = B # A # for any A and B, which can be verified by 
using part (5) of Proposition [33] □ 

Lemma 6.15. Let U and H be real Hilbert spaces. Let <!>:£/ — )• H be a bounded linear map. Let G :H —> H 
be a bounded linear map. Then 

Tr H (Gm>*) = Tru(®*G<$>) 

Proof. 

Tr H (G&!>*) = £ L Gij&jkQik 

i,jeH;keU i,jeH;keU 

Tra(0*G4>)= £ (&) u Gij&j k = £ Gij&j&ik. 

i,jeH;keU i,jeH;keU 

Therefore Tr H (G<M>* ) = Try (4>* GO) . □ 
Lemma 6.16. 

_ I (G 1/2 ^)(e 1/2 # =-o 

Proo/ If t, e & S p m , then % G sp (°°), so § # = We will use the fact that 

( e ff e kl)pq = Sip8j k 8l q 

where ef? is the matrix with the (/, j)th entry being 1 and all other entries being zero. Using this fact, we see 

(1) for § = i (e* - + ^ m> _ n - e%_ m ) with sgn(mn) > 0, 

(Q l/2 £)(O l/2 £) # = --0 Re \-e Re - e Re -e Re - e Re 1 

b / by ^»mn L mm nn —m—m — n— n\ 

(2) for § = \ {e'Z + 4* - e Im nh _ n - e Im n ,_ m ) with sgn(m«) > 0, 

(Q l / 2 £)(0 1/2 £) # = --0 Im \-e Re - e Re -e Re -e Re 1 

V==i b / \ii by ^iim« L mm ^nn *~—m,—m —n,—n] 

(3) for £ = I (C + e-n,-m + ^m,-« + ^) with S § n ( mW ) < °' 

f0 1/2 £)f0 1/2 £)* = --0* e \e Re +e Re + e Re +e Re 1 

(4) for § = I + e\_ m - e Im mj _ n - efc) with sgn(mn) < 0, 

(QV 2 £)(Q l/2 £) # = --Q Im \e Re +e Re + e Re +e Re 1 
\*z b / '/ txZmn i mm 1 mi 1 —m—m 1 —n,—n\ 

Each of the above is a diagonal matrix. The lemma can be proved by looking at the diagonal entries of 
the sum. □ 

Theorem 6.17. Let Y t be the solution to Equation \6.5\ Then Y t +I £ Sp(°°)for any t > with probability 1. 

Proof. The proof is adapted from papers by M. Gordina (6113. Let Y t be the solution to Equation (16.51 ) and 
y* be the solution to Equation ( 16.61 ). Consider the process Y f = (Y t ,Y t # ) in the product space sp HS x sp HS . It 
satisfies the following stochastic differential equation 

dY t = (B(Y t ),B # (Y t # ))dW + (F(Y t ),F # (Y t # ))dt. 

Let G be a function on the Hilbert space sp HS x sp HS defined by G(yi ^2) = A((Yi + /)(Y2 +/)), where A 
is a nonzero linear real bounded functional from sp HS x sp HS to E. We will apply Ito's formula to G(Y f ) = 
G(y f , y*) . Then (Y t +1)(Y* + 1) = 1 if and only if A{(Y t + 1) (Yf + 1) - 1) = for any A. 
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In order to use Ito's formula we must verify that G and the derivatives G t , G\, Gyy are uniformly contin- 
uous on bounded subsets of [0, T] x sp HS x sp HS , where G\ is defined as follows 

Gy(Y)(S) = lim G(Y + £S) ~ G(Y) for any Y,S G sp HS x sp HS 



and Gyy is defined as follows 



Gvv(Y)(S»T) = , lm G *< Y + eT)(S) - G * (V)<S » 



e->o e 

for any Y,S,T G sp HS x sp HS . Let us calculate G t , Gy, Gyy- Clearly, G t = 0. It is easy to verify that for any 
S = (S U S 2 )€ sp HS x sp HS 

G Y (Y) (S) = A(5i (Y 2 + (Y l + I)S 2 ) 
and for any S = (Si , S 2 ) G sp HS x sp HS and T = (7i , T 2 ) G sp HS x sp HS 

Gyy(Y)(S®T) = A(S l T 2 + T l S 2 ). 

So the condition is satisfied. 

We will use the following notation 

G y (Y)(S) = (Gy(Y),S) BPhs 

G YY (Y)(S®T) = (G Y y(Y)S,T) SPhsXSPhs , 

where Gy(Y) is an element of sp HS x sp HS corresponding to the functional G Y (Y) in (5p HS x sp HS )* and 
Gyy(Y) is an operator on sp HS x sp HS corresponding to the functional Gyy(Y) G ((sp HS x 5p HS ) <8> (sp HS x 

SP HS ))*- 

Now we can apply Ito's formula to G(Y f ) 



G(Y f ) -G(Yo) = J\g y (Y s ), (B(Y s )dW s ,B # (Y?)dW s )) s 

-J\G Y (Y s ),(F(Y s ),F # (Y?))) spHSXspHS ds 

G Y Y(Y,o(B(Fv)e 1/2 ,B # ft # )e 1/2 ) 



ds. 



/Bp HS XSp HS 

/u 

r' 

(B(F v )e 1/2 ,B # ft # )G 1/2 ) s 

Let us calculate the three integrands separately. The first integrand is 

(G Y ( Y,) , (B(Y s )dW s , B # (Yf)dW s ) ) sPm 

= (B(Y s )dw s >j (if + /) + (y + /) (V(y s # ) 

= (y + /) jw v (yf + /) + (y + /) dw*(Y* +/) = o. 

The second integrand is 

(G Y (Y. s .),(F(y), J F # (y/))) sPHS 

= F{Y s ){Yf+I) + {Y s + I)F # {Yf) 

= l - (y + i)d(y* + /) + 1 (y + /)D # (yf + /) 

= i(y+/)(D+D # )(yf+/) 
= (y+/)D(yf+/), 

where we have used the fact that D = D # , since D is a diagonal matrix with all real entries. 
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The third integrand is 
1 

2 Tr «PHSXSPHS 



G YY (Y,.) (B{Y S )Q'I\B # {Y?)Q'I 2 ) {B(Y S )Q'I\B # {Y?)Q^ 

B{Y s )Q l l\B\Yf)Q l l 2 )*G^{Y s )(B{Y s )Q l I\B\Yf)Q 1 ' 2 ) 



1 



\ £ g yy (y s )((b(y s )q 1 / 2 ^b # (y!)q^ 2 ^ 



(s(y s )e 1/2 ^B # ft # )e 1/2 ^ 



= £ (B{Y s )Q^)(B\Yf)Q^ 

^p hs 

= I (Y s + I)({Q^){Q^) # ){Yf + I) 
= +/)/)(}* + /), 

where the second equality follows from Lemma l6.15[ and the last equality follows from Lemma l6.16l 

The above calculations show that the stochastic differential of G is zero. So G(Y t ) = G(Yo) = A(7) for 
any t > and any nonzero linear real bounded functional A on sp HS x sp HS . This means (Y t + 7)(F* + 7) = I 
almost surely for any t > 0. Similarly we can show (F* + 7) (Y t +7) = 7 almost surely for any t > 0. Therefore 
Y t +1 e Sp(oo) almost surely for any f > 0. □ 

7. RlCCI CURVATURE OF Sp(°°) 

In (Sini, Gordina computed the Ricci curvatures of the quotient space Diff {S x )/S x and several Hilbert- 
Schmidt groups. Using this method, I computed the Ricci curvatures of the symplectic group Sp(°°). The 
result shows that for most of the directions the Ricci curvatures of Sp(°°) are not bounded from below. 

Let G be a finite dimensional Lie group, and q its Lie algebra. Let (-, -) B be an inner product on q. Then 
(•, -) defines a unique left-invariant metric on the Lie group G compactible with the Lie group structure. In 
iflOl . J. Milnor studied the Riemannian geometry of Lie groups. For x,y,z E 0, the Levi-Civita connection 
V x is given by 

(V,y,z) g = \(([x,y],z) s - (\y,z),x) g + ([z,x],y) s ) (7.1) 

The Riemann curvature tensor 7?™ is given by 

^ = V M- V * V >' + V >' V * ( 7 - 2 ) 
For any orthogonal x,y E g, the sectional curvature K(x,y) is given by 

K(x,y) = (R xy (x),y) (7.3) 

Let us choose an orthonormal basis {^i}^ =l of g, where is the dimension of the Lie group G. Let x E g. 
Then the Ricci curvature Ric(x) is given by 

Ric(x) = = £{7?^(x),^) fl (7.4) 

i=l i=\ 

The group Sp(°o) and its Lie algebra sp(°°) are defined in Section 3 and Section 6. Basically, elements in 
both the Lie group Sp(°°) and the Lie algebra sp(°°) are block matrices of the form: 

a b 
b a 



Diff(S'), Sp(°°), BROWNIAN MOTION, RICCI CURVATION 



21 



where each of the blocks is an infinite-dimensional matrix. The blocks a and a are complex conjugate 
with each other. The blocks b and b are also complex conjugate with each other, are required to be a 
Hilbert-Schmidt matrices. For a block matrix to be an element of Sp(°°), it is also required that the matrix 
is invertible, and preserve a certain symplectic form. For a block matrix to be an element of Sp(°°), it is 
required that a + a* = or a T + a = 0, which means the block a is conjugate skew-symmetric, and b = b T , 
which means the block b is symmetric. 

To write the block matrix explicitly, we index the matrix by Z\{0} x Z\{0}, so the matrix is written as 
{^mn}m,nez\{0}- An entry in block a has m,n > 0; an entry in block a has m,n < 0; an entry in block b has 
m > 0, n < 0; an entry in block b has m < 0, n > 0. The condition that blocks a and b are conjugate to blocks 
a and b can be expressed as A m n = A_ m _„. The condition a + a* = or a T + a = can be expressed as 
A nm +A mn = where m,n > or m,n < 0. The condition b = b T can be expressed as A m>n =A_„_ fB where 
m > 0,«< 0. 

To find Ricci curvature, we need to choose a metric for the Lie algebra sp(°°). Let us define a sequence 
of positive numbers 

{Xt€R+\Xi = X-i,i€Z\{0}} 
The sequence {Xf\ will serve as parameters to fine tune the metric that we are going to choose. 

Remark 7.1. Let us first consider the space HS of Hilbert-Schmidt matrices. The Hilbert space HS, if viewed 
as a complex Hilbert space, has a canonical inner product given by: 

{A,B) = Tr (AB^) = Tr(AB T ), A,B G HS 

If viewed as real Hilbert space, HS has a canonical inner product given by: for A,B £ HS, writing A = 
Aj + iA 2 and B = B\ + /B 2 > where A\ : A 2 ,B\,B 2 are matrices with real value entries, then 

(A,B)=Tr(A 1 B[) + Tr(A 2 B[) 

Let e a b be the infinite-dimensional matrix with 1 in the entry (a,b), and in all other entries, where a,b are 
indices of the matrix such that a,b G Z\{0}. Then the above canonical inner product on HS viewed as real 
Hilbert space is equivalent to choosing the set 

{e a b,ie ab \a,b G Z\{0}} 

as an orthonormal basis. 
Definition 7.2. Let 

%ab = 2X a Xte a b (7.5) 
We define an inner product (•, -)hs on HS by choosing the following set 

{Zab,iZab\a,b €Z\{0}} (7.6) 
as an orthonormal basis for the real Hilbert space HS. 

Remark 7.3. If we set the parameter A,- = l/v2 for all i G Z\{0} in Definition 17.21 we can recover the 
canonical inner product of HS (remark ITTI ) as a real Hilbert space. 

The Lie algebra sp(°°) may contain unbounded opertors. For simplicity, we consider the subspace sp HS = 
sp(oo) PlHS. Now we can choose orthonormal set of the space sp HS according to the symmety of matrices in 
the Lie algebra sp(°°). 

Definition 7.4. Let 

]ll h e = X a X h (e a j> - e bM + e- a - h - e- h ,-a), a>b>0 
Vab = Kh{ie a ,b ~ ie b , a + ie- a ,-b ~ ie-b-a), a>b>0 
V* b e = X a X b (e a ,b + e-b-a + e-a,-b + eb,a), a>-b>0 
v'j = X a X b (ie a>b + ie-b-a - it-a-b - ieb,a ), a>-b>0 
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Let A Re = {n*g\a >b>0}, A Im = {pjg\a >b>0}, B Re = {v R §\a > -b > 0}, B Im = {vj£\a > -b > 0}, 
and £$x = A Re UA Im LI B Re U B Im . 

Remark 7.5. It is easy to verify that matrices in the set S$x an belong to the space sp HS . So i s a subset 
of sp HS and Sp(°°). Also, by definition of £ab (equation 17.51) . it is easy to verify 

Hob = 2 ~ i^b,a + %-a-b ~ iZ-b-a) (7-7) 

V ab = -j{^ a > b + + £-a,-b + %b,a) 

V ab = 2~{i£a,b + i^-b-a ~ i^-a-b ~ i£b,a) 

Definition 7.6. We define an inner product (v)sp on both sp HS and sp(°°) by choosing the set S&\ as an 
orthonormal set. 

Remark 1.1. We note that the inner product on sp HS and sp(°°) is equivalent to the subspace inner product 
induced from the inner product on HS defined in Definition (17.21) . Therefore, for x,y G sp HS , (x,;v}hs = 
(x,y)sp. 

Remark 7.8. For fX R b e , the indices satisfy a > b > 0, which means the entry is in the strict upper triangular 
block. For the indices satisfy a > b > 0, which means the entry is in the upper triangular block including 
the diagonal. For v R £, the indices satisfy a > —b > 0, which means the entry is in the other upper triangular 
block including the diagonal. For v a m , the indices satisfy a > —b > 0, which means the entry is in the other 
upper triangular block including the diagonal. 

Definition 7.9. Using Ricci curvature formula (Equation l7.4l ) for Sp(°°) andsp(°°), we define, for x G sp(°°), 

Ric(x) = £ K(x,£)= £ (^W>0*P (7-8) 

By definition of M \, the above sum will break into four parts: 

Ric(x)= £ K(x,^)+ £ K(x,riT)+ I K(x,V%)+ £ K(x,V%) (7.9) 

a>b>0 a>b>0 a>-b>0 a>-b>0 

For computational reason, we define the following truncated Ricci curvature: 
Ric"(x) = £ K(x )f l%)+ £ K(x,iC) 

N>a>b>0 N>a>b>0 

+ £ K(x,V%)+ £ K{x,V%) (7.10) 

N>a>-b>0 N>a>-b>0 

We have Ric(x) = lim w ^ 00 Ric A '(x). 

In the rest of the paper, we will compute the following Ricci curvatures via the corresponding truncated 
Ricci curvatures: 

Ric(^),Ric(^),Ric(v^),Ric(v^) 
All of these computations boil down to matrix multiplications. The following lemma is an important tool to 
the computation of Ricci curvature. 

Lemma 7.10. We have the following Levi-Civita connection formula, where 8 is the Kronecker delta: 

^ \Jscd = Sbc^c^ad ~ SdaK^cb ~ 8 ca X}t,db + SdbK^ac + ^bd^a^ca ~ 8 ac Xf,t,bd 
^i^aJ^cd = —Sbc^c^ad + Sda^a^cb ~ 8 ca X]t,db + &db^c^ac + ^bd^a^ca ~ $aAb£bd 
^Zaj^cd = Sbc^ci^ad — 8dah a i£cb + 8 ca X}it,db ~ SdbK^ac + &bdX a i£,ca ~ S ac X b i^bd 
^i^ab^cd = SbcX^i^ad — Sd a X^i^ c b — 8 ca X}iE,db + Sdb^i^ac ~ Sbd^i^ca + S ac X^i^bd 
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Proof. We have 

£ab£cd = 2Xj;S c bE,ad 

So 

[^abi^cd] = ^ab^cd - £,cd£,ab = 2X^8 c b£,ad ~ 2X^b a d^cb 

In the following, (■, •) stands for (■, -)hs- Using orthonormality, 

= ([%ab,Zcd\,Zef) ~ ([%cd,%ef},%ab) + {[Zef,%ab\,%cd) 

= 28 bc 8 ae 8 d fXc - 28 da 8 ce 8 b fXl - 28 de 8 ca 8f b X^ 



and 

Therefore, 
Similarly, 



+28f C 8 ea 8dbK +28f a 8 ec 8bdK - 28b e 8 ac 8fdK 

2{^^cdAef) = {[$ab£cd]Aef) ~ {[^cdAef]^ab) + ([%ef,$ab],£,cd)=0 
^t, ab ^cd = Sbt-Xc^ad - Sdaha^cb ~ 8 ca XjE,db + SdbX^ac + SbdX^ca ~ SacXb^bd 

2(V iU i^d^ef) 

= ([i£ab,i£cd],£ef) ~ ([i%cd,%ef],i%ab) + ([^ef,i^ab],i^cd) 

= —8b c 8 ae 8df^ + 8d a 8 ce 8bfX^ - SdeScaS/bXg 
+Sf c S ea SdbXc + 8f a 8 ec 8bdXa - 8b e 8 ac 8fdXg 



and 



2(V i^cdji^ef) = {[i^ab,i^cd],i^ef) ~ {[it,cdAef]^ab) + ^ab]Acd) = 

Therefore, 

^i&J^cd = -SbcX^ad + §daXa£,cb ~ ScaX]£,db + SdbX^ac + SbdX^ca ~ ^ac^l^bd 

Similarly, 

= {[^ab,i^cd],i^ef) ~ ([i&d,i£ef],&b) + ([&/, %db\,i$cd) 
= Sbc$ae$dfX c — 8d a S ce SbfX a + Sd e S ca 8fbX e 

-Sf c S ea SdbXc + 8f a 8 ec 8bdXl - 8b e S ac 8fdXg 

and 

2(y^cd,^ef) = ([Zab,i£cd],Zef) ~ ([%cd , £ef] , $ab) + 

Therefore, 

y^J^cd = §bcXci%ad - SdaXai^cb + S ca X]i£,db ~ 8dbX^i£, a c + ^bdX^ca ~ ^acX^bd 

Similarly, 

2(V^J cd ,i^ f ) 

= {[i^ab,^cd],i^ef) - {[^cd,i^ef],i^ab) + ([i^ef,i^ab],^cd) 
= $bc$ae$dfXc - SdaSceSbfXa - dd e 8 ca dfbX^ 
+Sf c S ea SdbXc - SfaSecSbdXa + 8be8 ac 8fdXg 

and 

2^ i^cd^ef) = ([i%ab,%cd],Zef) ~ ([%cd,%ef],i%ab) + ([%ef,i%ab],Zcd) =0 

Therefore, 

V% al £cd = SbcX^i^ad - SdaX^i^ c b - 8 ca XjiE,db + SdbX^i^ac - SbdX^i^ca + SacXbi^bd 
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□ 



Remark 7.11. Once we have the above lemma, we can use equation (17.71 ) to change the basis elements of 
sp(oo) into the basis elements of HS, and then use formula (17.11) . (I7.2I ). (17.31) and (17.41) to compute the Ricci 
curvature of Sp(°°). But since each basis jU^f, fi^g, vf lh e , and has four terms, and each connection formula 
in the above lemma has six terms, the combination will be huge. For example, the sectional curvature 

= 04* ) - V m*| V m§ (Vab) + v p* (Ad e ) , M<fj) 

will have 21,504 terms. Thereore, I use a computer program to facilitate the computation. 

Theorem 7.12. Let a,b G Z\{0}. 
For a > b > 0, 



1 

16 



a-l 



- 24A 4 - 24A 4 + 48A 2 A 2 - 12A 2 £ A 2 + 8A fl 2 £ A 2 + 8A 2 £ A 2 

d=l d=\ d=\ 

-12A 2 £\ 2 + 8£A 4 + 8£Al-16^ 4 -16^ 4 -12A 2 f A 2 

d=l d=l d=l c=o+l 

+ 8A 2 f A 2 + 8A 2 £ A 2 -12A 2 f A 2 + 8 £ A 4 + 8 f A 4 



c=b+l 



c=b+l 



For a > b > 0, 



1 



«fc*W) = ^ " 40A 4 - 40A 4 - 32A 2 A 2 - 12A 2 £ A 2 - 8A 2 £ Aj - 8A 2 £ A 2 

10 d=\ d=\ d=\ 



b-l 



a-l 



b-l 



N 



12A 2 £A 2 + 8£A 4 + 8£A 4 -16/VA 4 -16A^A 4 -12A 2 £ A 2 

d=l d=l d=l c=a+l 

N 



N 



N 



N 



N 



For a = b > 0, 



8A 2 £ A 2 -8A 2 £ A 2 -12A 2 £ A 2 + 8 £ A 4 + 8 £ A 4 

c=b+l c=a+l c=b+l c=a+l c=b+\ 



l r 



a-l 



For a > —b > 0, 

*fc*(Y£) = ^ " 40A 4 - 40A 4 - 48A 2 A 2 - 12A 2 £ A 2 - 8A 2 £ A 2 - 8A 2 £ Aj 
1 1 d=i d=i d=i 

12A 2 £A 2 + 8£\ 4 + 8£A 4 -16A^A 4 -16^A 4 -12A 2 £ A 2 

d=l d=l d=l c=a+l 

8A 2 £ A 2 -8A 2 £ A 2 -12A 2 £ A 2 + 8 £ A 4 + 8 £ A 4 



c=b+l 



c=b+l 



For a = —b > 0, 



16 



£1-1 



192A 4 -32£A 4 -192/VA 4 -32 £ A 4 



d=i 



c=a+l 
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For a > —b > 0, 



40A 4 - 40A 4 - 1,2X1X1 - 12A 2 £ % ~ 8A 2 £ A 2 - 8A 2 £ A] 

d=l d=\ d=\ 

d=l rf=l d=l c=a+l 

8A 2 £ A 2 -8A 2 £ Xl-YlXl £ A 2 + 8 £ A 4 + 8 £ A 4 . 

c=&+l c=a+l c=&+l c=a+\ c=b+\ 



For a = —b > 0, 



Ric N (v%)=0. 

Corollary 7.13. If we set the parameter X\ = 1 j\f2,for all i 6 Z\{0}, then we recover the canonical inner 
product on the space HS (remark \ZJ\) . In this case, we have 







i 

8' 


for a > b > 0; 




1 

= s N - 


11 

y 


fora> b>0; 


Ric N {^) 


= 0, 




for a = b > 0; 


Ric N (v« b e ) 


7 

=-. N - 


13 

T' 


for a > —b > 0; 


Ric N (v« b e ) 


1 

= - 2 N- 


5 

2' 


for a = —b > 0; 


Ric^v'J) 


1 

= s N - 


11 

¥' 


for a > —b > 0; 


Ric N {v%) 


= 0, 




for a = —b > 0. 



Remark 7.14. By the above corollary, we see that for most of the basis element G 3$x, we nave Ric(£) = 
liiriA^ooRic^) = -oo. 

Proof, (of the theorem.) 

The method of computing Ricci curvature and truncated Ricci curvature is stated in Definition |7.9l Ricci 
curvature is defined in terms of sectional curvature, which can be expressed in terms of Riemann tensor 
and the inner product of the Lie algebra. Riemann tensor is defined in terms of Levi-Civita connection. 
The formula of Levi-Civita connection is the content of Lemma 17.101 So the method of computing Ricci 
curvature is straightforward. But there are huge number of terms. Therefore, I used a computer program to 
facilitate the computation. 
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N>c>d>Q N>c>d>0 

N>c>-d>0 N>c>-d>0 

N>c>d>0 N>c>d>0 



N>c>d>0 



N>c>d>0 



N>c>d>0 

N>c=d>0 

• = A U pp er + £ ^diagonal 

N>c>d>0 N>c=d>0 



Im ^ 



A -1 

Supper ~ ^ 



4, oS £ l2 a 2 , oS £ Q2i2 nc i2i2 



+245 aj rf5i, ;C A a +85 ajC 5 a; dA a A fe +85i, )C 5i, )£ ;A a A i , - 125 a ^A a A ( 
+8S M A 2 \ 2 - 12S fl A% 2 + 84 A% 2 + 2A8 a , c 8 b , d X b x + 24S a ,A A* 
-165 fe)C A^ - 24<5 i , ;C <5^A ( 4 - 165^^ + 85^^ A 2 - \28 btd X b X^ 
+8<5 a , c A| Aj - YldbfXlX} + 8<5 a ^A 4 + S8 bjd X^ + 85 a)C A^ + 85fo jC A^ 



A-diagonai = T7 ~~ 12<5 a>c A 4 - \68 ax -8 a ^X^ + 18<5 a , c <5/,,,iA 4 - 12<5 a) </A 4 
lb L 

+ 1 85^5^ A 4 + \28 a ^8bjXlXl + \28 atd 8b, c XaX b - 18<5 a ^A 2 A 2 
+12S V A 2 A C 2 - 18S a , c A a % 2 + 125,, C A 2 A 2 + 18S a , c S M A 4 + 18S M S fe)C A 4 
-12<5 fo , c A 4 - 165 fe)C 5 &!< iA^ - 12<5 M A 4 + \28 a jXlX^ - 184,^ A 2 
+ \28 a , c XlXj - ISSt^XtX] + 6S a jXc + 65^A ( 4 + 68 ajC X d + 6Sb, c X d 



y, A U pp er 

N>c>d>0 



1 

16 L 



c=a+l 



-16(a-l)A 4 + 24A 4 -16(;V-a)A 4 -12A fl 2 £ A 2 
+8A 2 £ A 2 -12A 2 £ A 2 + 8A/fA 2 + 24A 4 

c=6+l d=l rf=l 

-16(fr-l)A 4 -16(iV-&)A 4 + 8A 2 f A 2 -12A 2 £ A 2 + 8A 2 £A 2 



a-\ 



c=a+ 1 

6-1 N N a-\ 6-1 

-12A 2 £A 2 + 8 £ A 4 + 8 £ A 4 + 8£A 4 + s£A, 



c=6+l 
6-1 



d=l 



<f=l 



c=a+l 



d=\ 



d=\ 
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and 



N>c=d>Q 



^diagonal — ^ 



12A 4 - \6V a - nV a - i8A fl 4 + m 2 A 2 - \sV a + i2A 2 A, 2 - nV h 



2l2 



16A, 4 - 12A, 4 + \2X L X - 18A, 4 + \2X L a K ~ ™K + <*K + 6A, 4 + 6A fl 4 + 6A, 4 



Therefore, for a > b > 0, 

Rfc*0#) 
1 

~ 16 



Next, 



We have 



— £ A-upper ~\~ £ ^diagonal 
N>c>d>0 N>c=d>0 

- 24A 4 - 24A 4 + 48A 2 A 2 - 12A 2 £ A] + 8A 2 £ A] + 8A 2 £ A] 

d=i d=i d=i 

12^ 2 £Ai + 8|;Ai + 8£Ai-16iVA B 4 -16iV\ 4 -12A fl 2 f A 2 



AT 



a-l 



c=a+l 
N 



+8A 2 £ A 2 + 8A 2 £ A 2 -12A 2 £ A 2 + 8 £ A 4 + 8 £ A, 



c=a+l 



c=b+l 



c=a+l 



c=b+\ 



Rfc"(/#) 

= £ KQ&,i&)+ £ 

N>od>0 N>c>d>0 

+ £ + £ 

N>c>-d>0 N>c>-d>0 

= £ kq&,i£)+ £ 

N>Od>0 N>c>d>0 

+ £ K(ig,vZ_ d )+ £ K(n%y c m _ d ) 

N>c>d>0 N>c>d>0 

N>c>d>0 



+ I 

/V>c=rf>0 

5, 



£ B U pp er + £ ^diagonal 
N>c>d>0 N>c=d>0 



B 



upper 



16 



+ 325 fl)& 5 a)C A 4 + 32<5^<5 a , d A 4 - 16<5 a , c A 4 - 24<5 a , c <5 a , d A 4 + 85 fl , c 4,jA 4 

-165 aj dA a + 85 a ^5f, )C A a - 85 a)C 5 a ^A a A^ + 165 a>c 5^A a A fe + \68 a j8bx^a^b 
-85i, )C 5i, ) rfA 2 A^ + 405 a) f,5 a ^A 2 A 2 — 125 a ^A 2 A 2 - 8<5^A 2 A 2 +40<5 a ^<5 a , c A 2 A ( 2 
- 12<5 u , c A 2 Aj - 85f, )C A 2 Aj + S8 atC 8b t d^b + ^a,d8b, c ^b — 165fo ]C A^ — 24<5^ C <5^A 4 
-\68bjXb — SSa^b^c ~ H-Sbj^bkc — 85 ajC A^Aj — 12<5i,, c A/ 2 Aj 
-\68 a _b8 a ,d^c + 85 fl ,rfA 4 + S8b t d&c ~ ^a,b8 a ,Ad + 85 fl)C A^ + 85f, ;C A^ 
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and 



^diagonal = + 14d a ,b<>a,cK ~ ^^a,b^a,c^a,dK + 24<5 £1; /,<5 £1; </A 4 ~ ^<>a,cK - \68 ajC 8 a j^a 

+6$a,c$b,dka - \28 a ,dX^ + 65 a ^ d 5b^a + 2 ^a,c8b,dX 2 X^ + 208 a j8 b ^a^b 

+608 a , b 8 a , d x 2 x 2 - \u a4 x 2 X - n8 h ,A 2 X + 6os fli A A% 2 - 18S fl A% 2 

-I28b,c^a^d + 6f>a,c8bjA>b + 6cW<5i,, c A 4 ~ ^b,cXy ~ ^b,c8bjX^ 

— \2SbjXfr - 12S a jXj;X 2 - ISSb^X^X 2 - \28 a , c XlX} - \%8b, c XlX} 

- 12S a ^bS a jXc + 68 a jXc + 68b ~ ^a,b8 a , c Xd + 68 a , c X^ + 65^ c Aj 



For a> b>0, 



1 



N>Od>0 



upper _ -16(a-l)A a 4 + 8A a 4 -16(AT-a)A a 4 + 16A a % 2 -12A a 2 £ A 2 

c=a+l 

-8A 2 £ A 2 -12A a 2 £ A 2 -8a/£A 2 + 8A 4 -16(&-1)A 4 
-16(Ar-£)A 4 -8A 2 £ A 2 -12A 2 £ A 2 - 8A 2 £ A 2 - 12A 2 £ A 2 

C=fl+1 c=fc+l rf=l d=l 

N N a-l b-l 

+8 £ A 4 + 8 £ A 4 + 8£A 4 + S£A 4 



c=a+l 



c=b+l 



d=l 



d=\ 



For a = b > 0, 



upper 



N>c>d>0 



16 L 



+ 32(a - 1)A 4 + 32(N - a)A 4 - 16(a - 1)A 4 - 16(iV - a)A 4 



+40A 2 f A 2 -12A 2 £ A 2 -8A 2 £ A 2 + 40A 2 £ A 2 - 12A 2 £ A 2 - 8A 2 £ A 2 

c=a+l c=a+\ c=a+l rf=l d=l d=l 

-16(a-l)A 4 -16(iV-a)A 4 -8A 2 £ A 2 -12A 2 £ A 2 -8A 2 £A 2 

c=a+l c=a+\ d=\ 

a-l N N N a-l a-l a-l 

-12A 2 £A 2 -16 £ A 4 + 8 £ A 4 + 8 £ A 4 - 16 £ A 4 + 8 £ A 4 + 8 £ A 4 



d=i 



c=a+l 



c—a+1 



c=a+l 



d=l 



d=l 



d=l 



For a > b > 0, 



£ ^diagonal 



N>c=d>0 



16 



12A 4 - 16A 4 - 12A 4 - 18A 4 - 12A 2 A 2 - 18A 4 - 12A 2 A 2 - 12A 4 



-16A fo 4 - 12A fo 4 - 12A 2 A fo 2 - 18A fo 4 - 12A a % 2 - 18A fo 4 + 6A a 4 + 6A fo 4 + 6A a 4 + 6A & 4 



2l 2 



For a = b > 0, 



£ ^diagonal — 

N>c=d>0 
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Therefore, for a > ft > 0, 



RlC N (jj, 1 ^) — ^ B upper + ^ B diagonal 
N>c>d>0 N>c=d>0 

£1-1 



1 

16 



a-l 



40A 4 - 40A 4 - 32A 2 A 2 - 12A 2 £ A 2 - 8A 2 £ A] - 8A 2 £ A] 

d=l rf=l d=\ 

-mi b fx] + s a fx 4 d + sfx 4 d -i6NX 4 a -i6NX 4 h -mZ f A 2 

d=l d=l d=l c=a+l 

-8A 2 f A 2 -8A 2 f A 2 -12A 2 £ A 2 + 8 f A 4 + 8 f A, 



c=b+l 



and for a = b > 0, 



R N (Hab) ~ 52 B U pp er + ^ ^ diagonal— 



/V>c>rf>0 



N>c=d>0 



Next, we compute R N (v^) for a > — & > 0. Replacing ft with —ft, it's equivalent to computing R N {Va e -b) 
for a > ft > 0. 

N>c>d>0 N>c>d>0 

N>c>-d>0 N>c>-d>0 
N>Od>Q N>c>d>0 

+ I *(v a %v c %) + £ *(v a %v c %) 

Af>c>rf>0 N>c>d>0 

= I kv a %M*J) +*(v a %M^) + *(v a % v c %) + K(v a % v c %) 

N>od>0 

N>c=d>0 

• = Cupper ~\~ C diagonal 

N>c>d>0 N>c=d>0 

We have 



Cupper — ^ 



160^iAA 4 + 4805 « A-^A 4 - 1605 a ,^A 4 - 16S a , c A 4 

-24<5 ajC <5 a ^A 4 + S8 a ^ c 8b t d^a ~ 165 a; rfA 4 + S8 a j8b jC ^ ~ ^a,c8 a ,d^a^b 
-SSbxSbJ^a^b - 2A8a,b8 a ,dKK ~ ^^a,dKK ~ ^b,dKK 
-^SafiSa,c^a^d ~ ^^a,c^a^d ~ ^b,c^a^d + %<>a,c(>b,dhb + S8 a ^8b,c^b 

- 16Sb, c ?ib - 248b, c 8bj?ib - \6Sb4Xb — 85 a ^A^A 2 — 12<5^Ak A 2 - SS^^X] 

- V-Sb^bX] + l68 a ,bS a ,dXe + 85 Ui£ /A 4 + 8<5^A 4 + \^8 a j,8 a ^X d + 85 a , c A^ + 85fo iC A^ 
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Cdiagonal = T7 ~ 1205 a b8 a , C A 4 +4805 a b8 a , c 5 fl rfA 4 ~ ^208 a ,b8 a ,dK ~ ^(^cA 4 
lb L 

-l6d^cS a ^d^a ~ 65a,c8b,dK - \28 a ^X 4 - 68 a j8b, c X 4 + 48 ajC 8b 4 X 2 X^ 
+^$a4&b,cklXl — 36Sa t b§a,dKhc ~ ^&a,dX a K ~ ^&b,d^ a K ~ ^^a,b^a,cX a X d 

-185 a;C A^Aj — \28b^a^d ~ 6§a,c8b,dkb - 68 a j8b iC ^b — 12f>b jC kb — \68b jC 8b,dX^ 
-HSbjXfr - \28 at d^X^ - \88b,dXj;Xc - 125 ajC A^Aj - \S8b, c X^X] 

+\28 a , h 8 ad X A c + 68 a4 X A c + 68 h ,dXc + 12S fl ,A A 4 + ^aXd + 64 A 4 



For a > b > 0, 



N>c>d>0 



c -1 

^-upper — 



16(a-l)A 4 + 8A 4 -16(Ar-a)A 4 -12A 2 £ A 2 

C=£l+ 1 



-8A 2 £ A 2 -12A 2 £A 2 -8A 2 £A 2 + 8A 4 
_l 6( ^_l )A 4-i6(^-^ 4 -8A 2 £ A 2 -12A 2 £ A 2 -8A 2 £A 2 



a-l 



c=a+ 1 

6-1 JV W a-l fe-1 

-12A 2 £A 2 + 8 £ A 4 + 8 £ A 4 + 8£A 4 + S£A, 



c=b+\ 

b-l 



d=\ 



For a = b>0, 



I 

N>c>d>0 



d=\ 



l r 



c=a+l 



c=&+l 



d=l 



d=l 



Cupper — 



A/ 



160(a - 1)A 4 - 160(iV - a)A 4 - 16(a - 1)A 4 - 16(N - a)X A a 



-24A 2 £ A 2 -12A 2 £ A 2 -8A 2 £ A 2 -24A 2 £ A 2 - 12A 2 £ A 2 



c—a+l 
a-l 



c=a+l 



c=a+l 



d=l 



d=l 



-8A 2 £A 2 -16(a-l)A 4 -16(;V-a)A 4 -8A 2 £ A 2 



d=i 



N 



a-l 



a-l 



c=a+l 
N 



N 



-12A 2 £ A 2 -8A 2 £A 2 -12A 2 £A 2 + 16 £ A 4 + 8 £ A 4 

c—a+\ d=l d=l c=a+l c=a+l 

+8 £ A 4 + 16£A 4 + 8£A 4 + 8£A 4 

c=a+l d=l d=l d=l 



For a > b > 0, 



£ Cdiagonal 
N>c=d>0 



1 

I6L 



For a = b > 0, 



12A 4 - 16A 4 - 12A 4 - 18A 4 - 12A 2 A 2 - 18A 4 - 12A 2 A 2 - 12A 4 
16A & 4 - \2Xt - \2X 2 a Xl - \%X A b - 12A 2 A fo 2 - 18A fo 4 + 6A 4 + 6A ft 4 + 6A 4 + 6A^ 4 



£ Cdiagonal — 
N>c=d>0 
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Therefore, for a > — b > 0, 
Ric>**) = 

1 



7 , C u pp er + ^ Crfiagonal 



N>c>d>0 



N>c=d>() 



16 L 



£1-1 



a-1 



40A fl 4 - 40A 4 - 48A 2 A 2 - 12A 2 £ A 2 - 8A 2 £ A 2 - 8A 2 £ A 2 

c/=l rf=l rf=l 

mZ b fx* + s a fx 4 d + s h fx 4 d -i6NX 4 a -\6NX 4 h -mZ £ A, 



c=a+l 
A 1 



-8A 2 £ A 2 -8A 2 £ A 2 -12A 2 £ A 2 + 8 £ A 4 + 8 £ A, 



and, for a = — b > 0, 



c=a+l 



c=a+l 



c=b+l 



R i^ab ) ~ £ C U pp er + £ C diagonal 
N>od>0 N>c=d>0 

£1-1 



1 

16 



N 



192A 4 -32£A 4 -192Aa 4 -32 £ A, 



C=£l+ 1 



Next, we compute R N (v a ^) for a > — b > 0. Replacing ft with —b, it's equivalent to computing R N (v a m _ b ) 
for a > b > 0. 

N>od>0 N>c>d>0 

/V>c>-d>0 W>c>-£/>0 
N>c>d>0 N>c>d>0 



N>c>d>Q 



N>c>d>0 



= £ *(vJ"_>,/#) + K(v' a "L b ,^)+K(v' a "L h , v c %) + z(yfL » v c %) 

N>c>d>0 

+ I +*o£*./#) +KK%,v^ d ) +K{v i a m _ h y c m _ d : 

N>c=d>0 

■ = D U pp er -\- jT^ D diagonal 

N>c>d>0 N>c=d>Q 



We have 



D 



upper 



16 



+ 32<5 a; i,<5 a;C A 4 + 32<5 u i,<5 a ,dA 4 - 16<5 a;C A 4 - 24<5 a , c <5 a , d A 4 



+85 £1;C 5,»,, ( /A 4 - 16<5 a ,dA 4 + S8 a j8b^a ~ ^a,c8 a ,d^l^ b + 165 a)C 5^A 2 A^ 
+ 165 a , ( /5/, jC A 2 A J 2 - SSb^Sbj^a^b +4Q8a,b8 a ,dK A c - 12<5 a ^A 2 A 2 - 8<5^A 2 A 2 
+405 aj fo5 aiC A 2 Aj - 12<5 a , c A 2 Aj — 8<5fo jC A 2 Aj + S8 atC 8b, d ^b + &§a,d§b,chb 
- 16Sb, c kb - 248b )C 8b )d ^b ~ 16Sb,dkb — SSa^X^X^ — 125^ ;C /A^A 2 — 85 a]C A^Aj 
-125ft jC A^Aj - \68 aj b8 a j^c + 8<WA 4 + 8<5^A 4 - 165 a ^5 a)C A^ + 85 ajC A^ + 85fo iC A^ 
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^diagonal 



16 



+ 2A8 a , b 8 a ,cX a ~ 3 2 §a,b§a,c8 a ,dka + 248 a ^8 a ^X a - \28 a , c X a 
~ ^8 a ^ c 8 a jXa + ^8 a ,c8b4^ - \28ajXa + 68a t d8b, c ^a + 208 a ^ c 8 b jXl X b 

+204 A A% 2 + 6os a , fe s M A 2 \ 2 - i8S m a 2 a c 2 - MhAl^c + 60S a , fo S a , c A a % 2 

- 18<5 a , c A a A, 2 - \2SbxXaXj + 68 a x8 b jX b + 68a 4 8b, c X^ — \28 b)C X b 
-\68 b ^ c 8 b jX^ - \28 b jX^ - \28a4XlXl - ISSbjXfrXc - \28 a , c XlX} 

-\8S b , c X b X] - \28 ajb 8 a jX^ + 6<5 aiC /A 4 + 68 h jX^ - \28 a j,8 a ^X d x + 6<5 a)C A, 4 + 6<5 fojC A, 4 



For a > 6 > 0, 



upper 



N>c>d>() 



16 



- 16(a - 1)A 4 + 8A, 4 - \6(N - a)A 4 + 16A 2 A, 2 



-12A 2 £ A 2 -8A 2 £ A 2 -12A^f A 2 -8A 2 £A 2 + 8A 4 

c=a+l c=b+l d=\ d=\ 

-\^b-\)Xi-\^-b)Xi-%Xl £ A 2 -12A 2 f A 2 
-8A 2 £\ 2 -12A 2 £A 2 + 8 f A 4 + 8 f A 4 + 8 £ A 4 + 8 £ A 4 

c=a+l c=b+\ 



For a = b > 0, 



y, D U pp er 

N>od>0 



d=\ 



1 

T6 L 

N 



d=\ 



d=\ 



d=\ 



+ 32(a - 1)A 4 + 32(N - a)A 4 - 16(a - 1)A 4 - 16(W - a)A 4 

N N a-1 



+40A 2 £ A 2 -12A 2 £ A 2 -8A 2 £ A 2 + 40A 2 £ A 2 - 12A 2 £ A 2 

C=£l+1 C=£I+1 C=£l+1 d=\ d=l 

-8A 2 £ A 2 -16(a-l)A 4 -16(Af-a)A 4 -8A 2 f A 2 

£/=l C=£l+1 

-12A 2 f A 2 -8A 2Q fA 2 -12A 2 £A 2 -16 f A 4 



C=£l+1 



d=\ 



N 



N 



d=\ 

a— 1 a— 1 



C=£l+1 
£1-1 



+8 £ \ 4 + 8 £ A 4 -16£A 4 + 8£A 4 + 8£A, 



c=a+l 



c=a+l 



d=l 



£/=l 



For a > ft > 0, 



7 , D diagonal — ^ 



N>c=d>0 



12A 4 - 16A 4 - 12A 4 - 18A 4 - 12A 2 A 2 - 18A 4 - 12A 2 A 2 



- 12A fo 4 - 16A fo 4 - 12A fo 4 - 12A 2 A fe 2 - 18A fo 4 - 12A 2 A fo 2 - 18A fo 4 + 6A 4 + 6A fo 4 + 6A 4 + 6A fo 4 



For a = b > 0, 



y, ^diagonal — 
N>c=d>0 
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Therefore, for a > — b > 0, 

R i ciV ( V afe ) = X D upper+ £ D diagonal 
N>c>d>0 N>c=d>Q 



1 - 40A 4 - 40A 4 - 32A 2 A 2 - 12A 2 £ A] - 8A 2 £ A] - 8A 2 £ A] 



16 



d=i d=i d=i 

12^ 2 £Ai + 8£ A 4 + 8£\ 4 -16Aa^6Aa 4 -12A 2 f A, 



and, for a = — b > 0, 



2 

'c 

d=\ d=\ d=l c=a+l 

-8A 2 £ A 2 -8A 2 f A 2 -12A 2 £ A 2 + 8 f A 4 + 8 f A 4 

c=fo+l c=a+l c=b+\ c=a+l c=b+\ 



Ric iV (v^)= £ D Mppe r+ £ D diagonal = 
N>c>d>0 N>c=d>Q 



□ 



Remark 7.15. Taking AT — )■ °°, we see that the Ricci curvature is negative infinity in most directions. 
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